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Abstract: The mathematical description of wave boundary value problems contains functional equations.
They can be: matrix differential, and/or partial differential, and/or integral, and/or integral-differential equations. They
are associated with integral and/or integral-differential boundary conditions. The description can be algebraized by
a suitable integral transformation. The derivatives and integrals in the functional equations with respect to the time
variable "t" are transformed into polynomial functions of the complex variable "s". This transformation is performed
according to the image acquisition rules. The general scheme of the solution can be visualized by building an
ORIENTED GRAPH of the task - BLOCK DIAGRAM. This graph represents the core of the structural solution. From
it, the general complex transfer function of the task can easily be determined ANALYTICALLY. This function can
be multiplied in the complex domain by the representation of external loadings. As a result, the image of the sought
solution (integral) will be obtained. From this image, by inverse integral transformation, the desired solution in the
time domain can be obtained. The kernel of the structural solution (DIRECTED GRAPH) can also be created in the
time domain without looking for a transfer function. In this case, an equivalent solution (integral) of the wave
boundary value problem is obtained. The solving system of equations in this time domain is DIFFERENTIAL. Efforts
to ANALYTICALLY obtain the general transfer function of the task in the complex area depend not so much on the
type of derivatives and/or integrals over the time variable "t" involved in the initial mathematical description, as on
the STRUCTURE AND TYPE of the considered limited or unlimited spaces (areas) and from the structure and type
of their BOUNDARIES [10]. The sought integrals in the space L, can be obtained ANALYTICALLY or
NUMERICALLY from the solving algebraic system of equations with considered boundary and initial conditions.
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Pesrome: Mamemamu4eckomo onucaHue Ha 8bJIHO8U epaHU4yHU 3adayu cbObpxa (OyHKUUOHAIHU
ypasHeHus. Te Mmozam Oa 6bdam: Mampuy4Hu OughepeHyuanHu, u/unu Yacmdu OughepeHyuanHu, u/unu
UHmMeezpanHu, u/unu  uHmeepodugepeHyuanHu ypasHeHus. C8bp3aHU ca C UHMeepanHu  u/unu
UHMeepodughepeHyuanHu epaHu4YyHU ycnoeusi. OnucaHuemo Moxe Oa ce arneebpusupa 4Ype3 nooxo0suio
UHmezpanHo rnpeobpa3osaHue. [Ipou3godHUMe u uHMezpanume 6b8 QYHKUUOHANIHUMe YypagHeHUs o
OMHOWeEeHUe Ha epemesama fpomeHnusa ,t” ce mpaHcghopmupam 8 MoUHOMUAIHU hYHKUUU Ha KOMIIeKCHama
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npomeHnuea “s”. Ta3u mpaHcghopmayus ce u3ebpuiga Cba/lacHO rnpasusiama 3a roslyyaeaHe Ha Uu30bpaxxeHus.
Obwama cxema Ha peweHuemo Moxe 0a ce gusyanusupa 4pe3 nocmposisaHemo Ha OPUEHTUPAH TPA® Ha
3adavyama - B/TOKOBA CXEMA. To3su epagh npedcmasrnsisa s0po Ha cmpykmypHomo peweHue. Om Hez20 f1ecHO
moxe Oa ce onpedenu AHAJIMTUYHO obwama komrnekcHa npedasamesnHa yHKyus Ha 3adadyama. Tasu
yHKYusa Moxe da 6b0e yMHOXeHa 8 KoMrekcHama obracm o u3obpaxeHemo Ha 8bHWHUME 8b30elicmeausl.
B pesynmam wje ce nony4u usobpaxeHuemo Ha mbpceHomo peweHue (uHmeepais). Om mosa usobpaxeHue 4pe3
0bpamHoO uHmMezpanHo rnpeobpalysaHue Moxe Oa ce roy4u caMomo MbPCEHO peuweHue 8b8 epemMesama
obnacm. A0pomo Ha cmpykmypHomo peweHue (OPUEHTUPAH NPA®) moxe da ce cb3dade u 8b8 8peMeHHama
obrnacm, 6e3 da ce mbpcu npedasamenHa yHKUUsi. B mo3u cnydau ce nosyyaea eKkeu8arieHmMHO peweHue
(uHmeepar) Ha 8bfIHOBama 2paHuy4Ha 3adada. Pa3pewasauwama cucmema ypasHeHs 8 masu epemeHHa obracm
e AN®EPEHYHA. Ycunusama 3a AHAJIMTUYHO nonyvasaHe Ha obujama ripedasamersiHa (hyHKuuUs1 Ha 3adadyama
8 KomMrisiekcHema obriacm, 3aeucsim He mosikoea om euda Ha ydacmeawjume 8 HayaslHomo Mamemamu4yecKo
onucaHue rnpou3eodHU u/unu uHmeapanu rno epemegsama rpomeHnusa ,t”, konkomo om CTPYKTYPATA U BUA
Ha pasanexoaHume ogpaHU4YeHU Unu HeogpaHuYyeHU rpocmpaHcmea (obnacmu) u om cmpykmypama u euda Ha
mexHume [PAHULUWN [10]. TbpceHume uHmMeepanu 6 npocmpaHcmeomo L, mozam Oa ce mnony4Yam
AHAJTINTUYHO unu YACJIEHO om paspewasauwama anzebpuyHa cucmema ypasHeHUsI C OmMYemeHuU 2paHuyHu
U HavariHu ycriosus.

1. SH (polarized in horizontal plane) wave propagation through multi layered media. The wave
propagation process, at the direction of the axis x perpendicular to the investigated multilayered media
(Fig. 1), could be described by the following equation:

2%2w(x,t) 2w (x,t)
(1) az Vs g =0,

kbaoeto Vg = \E is the wave propagation velocity for the shear waves SH, p=const is the Lame

coefficient, p=constant represents mass density. The function w(x,t) is the anti plane (X, Y) component
of the displacement vector in the direction parallel to the axis Z. On the boundary between the two
neighbouring layers “i” and “i+1” the corresponding boundary conditions are satisfied. These boundary
conditions represent that the unknown displacements and forces (stresses) are continuous:

(2) W(x' t)ioundary = W(x' t)g;}mdary '
i _ i+1 i+1

(3) Plgoundary = (O-ijnj)boundary - Pbounda‘ry = - (O-ijnj)

boundary ’

where Pi is the boundary force vector of the corresponding layer, “gj” is the stress tensor, and “n;”is
the corresponding normal vector. The initial conditions with respect to the displacement and to the first
difference are homogeneous. The both functions depend on the spatial variable “x” and time argument
“t” in the initial moment “t=0":
ow(x,t)

at t=0 -

(4) W(x' t) |t=0 = 0;
2. For the DIRECT problem (identifying the free surface signal from a set signal in the bedrock)

the displacement boundary conditions are set as a known function of the time variable “t”:

6 wO=X®).

The boundary conditions in terms of forces on the free surface are homogeneous for both the DIRECT
and the INVERSE (by a given signal on the free surface to identify what the signal was in the bed rock)
problems are HOMOGENEOQOUS:

surface

f — —
(6) Psur ace — (O_Un]) — 0
3. On the other hand, for the INVERSE problem on the free surface, the displacement

boundary condition is given in the mode of the known time function “t”:

7 w(l,t) = X5 (0).
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4. Structural mathematical model of the multi layered structure. The structural model of the
multilayer media is shown in Fig. 1. The SH Wave Propagation Reflect — Pass Perpendicular Process
is illustrated on the Fig.1 a. The Block - Diagram Model of the media under investigation is shown in
Fig.1 b. The Flow Graph of the system signals is shown in the Fig.1 c.

The above formulated SH wave boundary condition problem (1)—(7), could be solved by a
system of differential equations, initial and boundary conditions. This differential system consists of
following elements:

“ n equations in the mode (1), one differential equations for each layer, because the
velocity function V(x) depending on spatial co-ordinate x is discontinued and is of a
terrace-like type;
2(n - 1) boundary conditions in the mode (2), (3);
surface boundary condition in the mode (6);
initial conditions in the mode (4),
and either of boundary conditions (cinematic excitation) (5) for the DIRECT problem or
(7) for the INVERSE problem.

The above formulated wave boundary problem (1)—(7) can be transformed in the complex
domain. The solution of the investigated problem (1)—(7) in the complex domain could be obtained by
solving the following algebraic system of equations, which could be solved analitically (analitical solution
of the DIRECT and INVERSE problems) as follows:

X.(5)= W.(6) [+ 8,6)xo(8) - B,6)xi(6) |,

@ Xi6) = Wils) [a+,6)xi46) - BE)XI6) ],

X?(S) = Wi(S) [ﬁi+1(s)xi (S) + (1_:3i+1(5))XT+1(5) ] ,

k %k sk k %k 3k k %k 3k

X5 ()= Wa(s) X, () .

X3

o

R/
0.0

R/
0.0

R/
0.0

The unknown variables in the system (8) (X1, Xz,...,Xi.,...Xn, X*1, X*2,..., X*j,..., X*1) represents the
displacements, velocities or accelerations of the media particles under investigation. The coefficients
B=B(s)= Re B (s)+ j Im B (s) in the system (8) are reflection and refraction layer ratios (see Fig. 1 b,
Fig. 1 c). They are known complex functions of the parameter of integral transformation “s”. The function
matrix of the system (8) is asymmetric. Based on this fact, the common transfer function of the problem
Y(s) could be obtained by recurrent elimination of the system parameters. This function physically

represents the quotient between images of input and output signals of the geological structure under

investigation:
{Xoutput (3) }

{Xinput (S) }

Substituting the analytical complex parameter “s” by the numerical imaginary parameter “jw” into system
of equations (8), it is possible to calculate numerically the formulated DIRECT and INVERSE problems
by means of Fourier integral transformation (numerical solution of the DIRECT and INVERSE problems).

9) N7 (S) _

5. Quadruple symmetric real functions - Fig.2. The coefficients f=B(jo)=Rep(®)+ jimB(®) in
the system (8) are reflection and refraction layer ratios according to the Willebrord Snellius (1580-1626)
low (see Fig. 1 b, Fig. 1 c). They are known complex functions of the frequency ®. The rheology
properties of the layers under investigation from structural model in Fig. 1 are presented in the
mathematical description (8) by corresponding layer transfer function signed Wi(jo) and corresponding
reflection and refraction coefficients signed Bi(j®).
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Fig. 1. Multilayered Media Structural Model. a) SH Wave Propagation Reflect — Pass
b) Perpendicular Process. ¢) Signal Flow Graph

By suitable selection of the real and imaginary parts of the coefficients Bi(j@) can be obtained
quadruple symmetric real functions presented in the first quadrant of the Fig. 2 in a capacity of searched
problem solution. In case of real and imaginary parts of the coefficients Bi according to the conditions of
Theorem 1 of the present paper, will get the signal in the second quadrant. In case of real and imaginary
parts of the coefficients Biaccording to the conditions of Theorem 3 of the previous paper, will get the
signal in the third quadrant. The signals from third quadrant and from fourth quadrant can be obtained
also in case of real and imaginary parts of the coefficients i according to the conditions of Theorems 2
and 4 of the previous paper respectively. The first five theorems (they are published [8] as a sub
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conditions in the theorem signed by * and here points) in previous publication describes the Symmetry
- Conjugation relation [1-11]:

. Theorem 1 (The phenomenon “Symmetry” in the time domain corresponds to the phenomenon
“Conjugation” in the frequency domain). The complex Fourier F(jw) spectra of the symmetric real
functions in the first and second quadrants are conjugated as well as.

. Theorem 2 The complex Fourier F(jw) spectra of the symmetric real functions in the third and
fourth quadrants are conjugated respectively.
. Theorem 3 (The phenomenon “Anti Symmetry” in the time domain corresponds to the

phenomenon “Anti Conjugation” in the frequency domain). The complex Fourier F(jw) spectra of the anti
symmetric real functions in the first and third quadrant are anti conjugated as well as.

. Theorem 4. The amplitudes of the functions in first and second quadrants are both positive, while
these of the amplitudes for the functions for third and four quadrants are both negative. The functions
under investigation could be of arbitrary amplitudes — negative or positive. The corresponding complex
Fourier F(jw) spectra also are of arbitrary type amplitudes - negative or positive.

. Theorem 5 (Frequency indistinguishable). Four quadruple symmetric real functions are
frequency indistinguishable.
. Theorem 6 [9,11] (The phenomenon “Symmetry” in the time domain corresponds to the

phenomenon “Conjugation” in the frequency domain. The phenomenon “Anti Symmetry” in the time
domain corresponds to the phenomenon “Anti Conjugation” in the frequency domain. The simultaneous
operation of the Theorems 1 and 3 leads to even and odd decomposition of the Fourier complex
spectrum of the common function Feommon function i) with length N in the time domain. This result
represents spectral function, composed by the equivalent nonzero real and imaginary spectral parts with
length N/2 in the frequency domain RE¢" "/ (w) and jI** 9" (w) ) as follows:

(10) common function(]-w) = 2 (szen left(w) + jlfriid right(w))_

.'J:I'
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Fig. 2. Quadruple symmetric real functions

6. Conclusions. The report presents a structural analytical approach to solving wave boundary
value problems - for example SH wave propagation in multi-layered structures [3,4,6,7,8,9,10,11]. The
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complex algebraic system (8) admits an analytic solution, since the transfer functions of the individual
layers are fractional-rational functions. The transfer function of the general boundary value problem,
which can be obtained from (8), is also a fractional-rational function. Such an analytical solution of wave
boundary value problems in multi-layered media is proposed here for the first time. The theorems proved
in the report provide an opportunity for an effective study of the obtained final integrals in the time domain
of the investigated wave boundary value problems. Theorem 6 [9, 11], for example, can be interpreted
as an analog variant of the Cooley and Tuckey FFT scheme [5].
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